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Abstract
In this paper, we consider the unbounded generalized Friedrichs operator H; i.e. the operator
of multiplication by the rational function u with the perturbation of integral operator with kernel
K. We prove that if the kernel K satises some analyticity condition, then the essential spectrum








(R) we consider the non-self-adjoint unbounded operator H dened by the formula
Hf(x) = u(x)f(x) +
Z
R
K(x; y)f(y)dy; f 2 D
u
i.e. H = H
0
+ V; where H
0
is the operator of multiplication by the rational function u and V
















;  > 1; (K)
for all y 2 ( ; ); where W

= fz 2 C : jImzj < g;  is a xed number, C the complex
plane and D
u








The bounded generalized self-adjoint Friedrichs model is considered for the case of when u and
K are analytic functions in [1]. In Lakaev S. N. [1], it was proved that the absolutely continuous
spectrum of the operator H coincides with the spectrum of H
0
: Moreover, the singular spectrum
of H is a nite set. In [2] the structure of essential spectrum for non-self-adjoint bounded
Friedrichs operator is described.






)  is a domain of the adjoint operator H

:
Thus, the operator H is a closed operator (see theorem VIII.1 in [3]). Let (H) is a spectrum
of H:











is nite dimensional, where (H   )
 1
is a resolvent of the operator H and the number  > 0
such that f : j  j  g = fg: We denote by 
disc
(H) a discrete spectrum of the operator
H.
Denition 2. The essential spectrum of operator H is the set

ess
(H) = (H) n 
disc
(H):
Denote by   the range of the function u: Let   be a set satisfying the following condition












) is the spectrum of the operator H
0
:










2 Auxiliary lemma and the proof of the main result




; where z 2 C n(H
0
), I




is a resolvent of the operator H
0





















































































































Proposition 1. The series (1) converges for all z 2 C n (H
0
):






; z) is integrable, due to condition (K). Let






; z) is symmetric. Therefore, the integral (2)



































































































































































































































: : : dx
n




































































ju(x)  zj > 0 for z 2 C n (H
0
):




































































































: : : dx
n
:



















This proves proposition 1.





















































































: : : dx
n
: (3)

























: : : dx
n
<1:
b) Now let m
z
! c = const as z !1 for z 2 D
i
: Then there exists an integer N, a positive


















fz : jz   a
i
j < ; Imz > 0g [ fz = x+ iy : 0 < y < ; jxj > Ng;
where N > ja
i
j:





(z); :::;  
l
(z) 2 








kfz : jz   a
i
j = ; Imz  0g [ fz =  N + iy : 0  yg[
4
[fz = N + iy : 0  y  ; jxj  Ng [ fz = x+ i : jxj  Ng:
Let K(t,s) be an analytic continuation in W
2

of the function K(x; y); x; y 2 R:
The function d
1










































Since ju(t)  zj   > 0; for all z 2 D
0
i










































































  ) [ (a
l
+ ;N):
We denote by K
z




































































































(z) =1; for allj  l:
If u
0






















Note that the contour R
N;
is bounded. So, we obtain
lim
z!1



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































for all z 2 D
0
i






















































Now, by proposition 2, we have the proof of lemma 1.
Proof of theorem. The operator H   z is represented as







for z 2 Cn(H): Thus, (H z)
 1







1, Fredholm's determinant (z) is dened for all z 2 C n (H
0





is compact valued analytic in C n (H): By using the analytic Fredholm






exists on C n (H
0
) except for discrete set
D  C n (H
0

















be an arbitrary element of  (
0




; u is a rational function.
Then there exists positive N
0























































2 (H): In other words   = (H
0
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